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LIPSCHITZ EXTENSION OF MULTIPLE BANACH-VALUED FUNCTIONS IN
THE SENSE OF ALMGREN
JORDAN GOBLET
Abstrat. A multiple-valued funtion f : X → QQ(Y ) is essentially a rule assigning Q un-
ordered and non neessarily distint elements of Y to eah element of X. We study the Lipshitz
extension problem in this ontext by using two general Lipshitz extension theorems reently
proved by U. Lang and T. Shlihenmaier. We prove that the pair
(
X,QQ(Y )
)
has the Lipshitz
extension property if Y is a Banah spae and X is a metri spae with a nite Nagata dimension.
We also show that QQ(Y ) is an absolute Lipshitz retrat if Y is a nite algebrai dimensional
Banah spae.
1. Introdution
A multiple-valued funtion in the sense of Almgren is a map of the form f : X → QQ(Y ) where
X and (Y, d) are metri spaes. The partiular target spae is dened by
QQ(Y ) =
{
Q∑
i=1
JxiK : xi ∈ Y for i = 1, . . . , Q
}
where JxiK denotes the Dira measure at xi and it is equipped with the metri
S

 Q∑
i=1
JxiK, Q∑
j=1
JyjK

 = min{ max
i=1,...,Q
d
(
xi, yσ(i)
)
: σ is a permutation of {1, . . . , Q}
}
.
Consequently a multiple-valued funtion f : X → QQ(Y ) is essentially a rule assigningQ unordered
and non neessarily distint elements of Y to eah element of X . Suh maps are studied in omplex
analysis (see appendix 5 in [10℄). Indeed in omplex funtion theory one often speaks of the two-
valued funtion f(z) = z1/2 . This an be onsidered as a funtion from C to Q2(C).
In his big regularity paper [1℄, F. J. Almgren introdued QQ(R
n)-valued funtions to takle
the problem of estimating the size of the singular set of mass-minimizing integral urrents (see [2℄
for a summary). Almgren's multiple-valued funtions are a fundamental tool for understanding
geometri variational problems in odimension higher than 1. The suess of Almgren's regularity
theory raises the need of further studying multiple-valued funtions.
The Lipshitz extension problem asks for onditions on a pair of metri spaes X,Y suh that
every Lipshitz Y -valued funtion dened on a subset of X an be extended to all of X with only
a bounded multipliative loss in the Lipshitz onstant. More preisely the pair (X,Y ) is said to
have the Lipshitz extension property if there exists a onstant λ ≥ 1 suh that for every subset
A ⊂ X , every Lipshitz funtion f : A → Y an be extended to a Lipshitz funtion F : X → Y
with Lip(F ) ≤ λ Lip(f). A metri spae Y is said to be an absolute Lipshitz retrat if for every
metri spae X , the pair (X,Y ) has the Lipshitz extension property (see hapter 1 in [3℄ for
equivalent denitions). This problem dates bak to the work of Kirszbraun and Whitney in the
1930's, and has been extensively investigated in the last two deades (see [8℄ and [9℄ for several
reent breakthroughs).
In the present paper, we will be interested in the Lipshitz extension of QQ(Y )-valued funtions
when Y is a Banah spae. In this ontext, an important remark is that a Lipshitz QQ(Y )-valued
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funtion is muh more than Q glued Lipshitz Y -valued funtions. Indeed we notied in [5℄ that
the following Lipshitz Q2(R
2)-valued funtion
f : S1 ⊂ R2 → Q2(R
2) : x = (cos θ, sin θ) 7→ f(x) =
s(
cos
θ
2
, sin
θ
2
){
+
s(
− cos
θ
2
,− sin
θ
2
){
doesn't split into two Lipshitz R2-valued branhes. Consequently the Lipshitz extension problems
for QQ(Y )-valued funtions and Y -valued funtions are in general two distint problems.
In [1℄, Almgren built an expliit bilipshitz orrespondene between QQ(R
n) and a Lipshitz
retrat denoted Q∗ inluded in a Eulidean spae. This onstrution and MShane-Whitney's
Theorem (see 2.10.44 in [6℄) learly imply that QQ(R
n) is an absolute Lipshitz retrat. For
multiple Banah-valued funtions, suh a bilipshitz orrespondene is not available.
In a reent paper [8℄, U. Lang and T. Shlihenmaier obtained two general Lipshitz extension
theorems involving a Lipshitz onnetedness assumption on the target spae and a bound on the
Nagata dimension denoted dimN below of either the soure spae or the target spae:
Theorem 1.5 in [8℄. Suppose that X,Y are metri spaes, dimN (X) ≤ n < ∞, and Y is om-
plete. If Y is Lipshitz (n−1)-onneted, then the pair (X,Y ) has the Lipshitz extension property.
Corollary 1.8 in [8℄. Suppose that Y is a metri spae with dimN (Y ) ≤ n < ∞. Then Y is an
absolute Lipshitz retrat if and only if Y is omplete and Lipshitz n-onneted.
In Setion 2 we prove that QQ(Y ) is omplete in ase Y is. We reall what is meant by Lipshitz
onnetedness and we prove that QQ(Y ) enjoys this property when Y is a weakly onvex geodesi
spae.
In Setion 3 we dene the Nagata dimension and gather a number of basi properties. We
estimate the Nagata dimension of QQ(Y ) in aordane with the Nagata dimension of Y . We also
show that QQ(Y ) has a nite Nagata dimension when Y is a nite algebrai dimensional Banah
spae.
We nally ombine these results with Lang-Shlihenmaier's Theorems in order to prove Theo-
rem 1.1 and Theorem 1.2.
Theorem 1.1. Suppose that X is a metri spae, dimN (X) < ∞, and Y is a omplete weakly
onvex geodesi spae. Then the pair (X,QQ(Y )) has the Lipshitz extension property. In parti-
ular, the pair (X,QQ(Y )) has the Lipshitz extension property if Y is a Banah spae.
Theorem 1.2. If Y is a omplete weakly onvex geodesi spae with a nite Nagata dimension
then QQ(Y ) is an absolute Lipshitz retrat. In partiular, QQ(Y ) is an absolute Lipshitz retrat
if Y is a Banah spae with a nite algebrai dimension.
2. Completeness and Lipshitz onnetedness of QQ(Y )
For later use we note a simple fat related to the ompleteness property.
Lemma 2.1. If Y is a omplete metri spae, then QQ(Y ) is omplete.
Proof. Let (xn)n∈N be a Cauhy sequene in QQ(Y ). It is enough to show that we an extrat a
onverging subsequene. On the one hand, it is lear that we an extrat a subsequene (xnl)l∈N
suh that S(xnl , xnl+1) < 1/2l for all l ∈ N. On the other hand, we an write xnl =
∑Q
i=1Jxnli K with
S(xnl , xnl+1) = maxi=1,...,Q d(x
nl
i , x
nl+1
i ) for all l ∈ N. We obtain that d(x
nl
i , x
nl+1
i ) < 1/2
l
hene
(xnli )l∈N is a Cauhy sequene in Y for i = 1, . . . , Q. Sine Y is omplete, there exist x1, . . . , xQ ∈ Y
suh that xnli → xi as l → ∞ for i = 1, . . . , Q. Consequently, the subsequene (x
nl)l∈N tends to∑Q
i=1JxiK ∈ QQ(Y ) as l →∞. 
Reall that a topologial spae Y is said to be n-onneted, for some integer n ≥ 0, if for every
m ∈ {0, 1, . . . , n}, every ontinuous map from Sm into Y admits a ontinuous extension to Bm+1.
Aordingly, we all a metri spae Y Lipshitz n-onneted if there is a onstant λ ≥ 1 suh
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that for every m ∈ {0, 1, . . . , n}, every Lipshitz map f : Sm → Y possesses a Lipshitz extension
F : Bm+1 → Y with Lip(F ) ≤ λ Lip(f). Here Sm and Bm+1 denote the unit sphere and losed
ball in Rm+1, equipped with the indued metri.
Let (Y, d) be a metri spae. A geodesi joining x ∈ Y to y ∈ Y is a map cxy from a losed
interval [0, l] ⊂ R to Y suh that cxy(0) = x, cxy(l) = y and d(c(t), c(t
′)) = |t − t′| for all
t, t′ ∈ [0, l] (in partiular, l = d(x, y)). A geodesi biombing on Y is an assignment of a geodesi
cxy : [0, d(x, y)]→ Y from x to y for every pair (x, y) ∈ Y ×Y . We all a geodesi biombing {cxy}
on Y γ-weakly onvex, for some onstant γ ≥ 1, if eah pair of geodesis cxy : [0, d(x, y)]→ Y and
cxz : [0, d(x, z)]→ Y satisfy the inequality
(1) d (cxy(t d(x, y)), cxz(t d(x, z))) ≤ γ t d(y, z)
for all t ∈ [0, 1]. A metri spae whih admits a γ-weakly onvex geodesi biombing is said to be
a γ-weakly onvex geodesi spae.
Remark 2.2. On the one hand, the inequality (1) holds for γ = 1 on every geodesi spae with
onvex distane funtion (for the unique geodesi biombing), and on every normed vetor spae
for the linear geodesi biombing. On the other hand, one readily heks that a weakly onvex
geodesi spae is Lipshitz n-onneted for all n ∈ N.
Proposition 2.3 generalizes a onstrution desribed in Setion 1.5 of [1℄. It proves that the
metri spae QQ(Y ) is Lipshitz n-onneted for all n ∈ N if Y is a weakly onvex geodesi spae.
The Lipshitz onnetedness of QQ(Y ) is far from being obvious in this ontext sine QQ(Y )
does not neessarily inherit from Y a weakly onvex geodesi biombing. Indeed Q2(R
2) does not
possess a weakly onvex geodesi biombing.
Proposition 2.3. Let Y be a γ-weakly onvex geodesi spae. Every Lipshitz multiple-valued
funtion f : Sm → QQ(Y ) extends to F : B
m+1 → QQ(Y ) with Lip(F ) ≤ (γ + 8Q− 6) Lip(f).
Proof. Set D = 2 Lip(f) = diam(Sm) Lip(f) and hoose positive integers s,Q1, Q2, . . . , Qs and
points p(i, k) in Y for k = 1, . . . , Qi, i = 1, . . . , s subjet to the following requirements:
(1) f(1, 0, 0, . . . , 0) =
∑s
i=1
∑Qi
k=1Jp(i, k)K;
(2) If i 6= j then d(p(i, k), p(j, l)) > 4D for all k ∈ {1, . . . , Qi}, l ∈ {1, . . . , Qj};
(3) For all i ∈ {1, . . . , s} and for all k, l ∈ {1, . . . , Qi}, there exists a sequene k1, k2, . . . , kQi
of not neessarily distint elements of {1, . . . , Qi} suh that k = k1, l = kQi , and
d (p(i, kj), p(i, kj+1)) ≤ 4D for j = 1, . . . , Qi − 1.
One notes that
∑s
i=1Qi = Q. We now dene for eah i = 1, . . . , s,
fi : S
m → QQi(Y )
suh that
spt(fi(x)) = spt(f(x)) ∩
(
∪Qik=1B(p(i, k), D)
)
for eah x ∈ Sm where B(p(i, k), D) denotes the losed ball with enter p(i, k) and radius D. We
will now hek that the fi are well dened. For i ∈ {1, . . . , s} and x ∈ S
m
, there is at least Qi
points in the support of fi(x) sine
S
(
f(x),
s∑
l=1
Ql∑
k=1
Jp(l, k)K
)
= S(f(x), f(1, 0, . . . , 0)) ≤ Lip(f) |x− (1, 0, . . . , 0)| ≤ D.
Suppose that there exists a point p ∈ spt(fi(x)) ∩ spt(fj(x)) for i, j ∈ {1, . . . , s} suh that i 6= j.
Then, there exist k ∈ {1, . . . , Qi}, l ∈ {1, . . . , Qj} with d(p(i, k), p) ≤ D and d(p(j, l), p) ≤ D hene
d(p(i, k), p(j, l)) ≤ 2D whih ontradits (2). By these two observations, the fi are well dened
and f =
∑s
i=1 fi. By onstrution, it is lear that S(f(x), f(y)) =
∑s
i=1 S(fi(x), fi(y)) for all
x, y ∈ Sm hene Lip(fi) ≤ Lip(f) for i = 1, . . . , s. By the denition of fi and (3), we also notie
that
max { d(p(i, 1), p) : p ∈ spt(fi(x))} ≤ 4D(Qi − 1) +D ≤ D(4Q− 3)
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for i = 1, . . . , s and x ∈ Sm. Let {cxy} be a γ-weakly onvex geodesi biombing on Y . We set
θ : Rm+1\{0} → Sm : x 7→ x|x|
and observe that Lip(θ|{x ∈ Rm+1 : |x| = r}) = 1/r for all 0 < r < ∞. We an now dene the
extension
F : Bm+1 → QQ(Y )
F (0) =
∑s
i=1 QiJp(i, 1)K,
F (x) =
∑s
i=1
∑Qi
j=1
r
cp(i,1),qi
j
(x)
(
|x| d
(
p(i, 1), qij(x)
))z
where we denote fi ◦ θ(x) =
∑Qi
j=1Jqij(x)K for i = 1, . . . , s and for eah 0 6= x ∈ Bm+1. We easily
hek that F |Sm = f . Let x, y ∈ B
m+1
suh that 0 < |x| ≤ |y| and x z = |x|y|y| . Sine |x| = |z|, we
see that |y| − |z| = |y| − |x| ≤ |y − x| and it is lear that |x− z| ≤ |x− y|. It is also easy to hek
that θ(z) = θ(y). On the one hand, we ompute
S(F (x), F (y))
≤ S(F (x), F (z)) + S(F (z), F (y))
= S

 s∑
i=1
Qi∑
j=1
r
cp(i,1),qi
j
(x)
(
|x| d(p(i, 1), qij(x))
)z
,
s∑
i=1
Qi∑
j=1
r
cp(i,1),qi
j
(z)
(
|z| d(p(i, 1), qij(z))
)z
+S

 s∑
i=1
Qi∑
j=1
r
cp(i,1),qi
j
(z)
(
|z| d(p(i, 1), qij(z))
)z
,
s∑
i=1
Qi∑
j=1
r
cp(i,1),qi
j
(y)
(
|y| d(p(i, 1), qij(y))
)z
where we an suppose that
S (fi ◦ θ(x), fi ◦ θ(z)) = S

 Qi∑
j=1
Jqij(x)K, Qi∑
j=1
q
qij(z)
y = max
j=1,...,Qi
d
(
qij(x), q
i
j(z)
)
for i = 1, . . . , s and qij(z) = q
i
j(y) for j = 1, . . . , Qi and i = 1, . . . , s sine θ(z) = θ(y). We onlude
that
S(F (x), F (y))
≤ max
i=1,...,s
max
j=1,...,Qi
d
(
cp(i,1),qi
j
(x)
(
|x| d(p(i, 1), qij(x))
)
, cp(i,1),qi
j
(z)
(
|z| d(p(i, 1), qij(z))
))
+ max
i=1,...,s
max
j=1,...,Qi
d
(
cp(i,1),qi
j
(z)
(
|z| d(p(i, 1), qij(z))
)
, cp(i,1),qi
j
(y)
(
|y| d(p(i, 1), qij(y))
))
≤ γ |x| max
i=1,...,s
max
j=1,...,Qi
d
(
qij(x), q
i
j(z)
)
+ (|y| − |z|) max
i=1,...,s
max
j=1,...,Qi
d
(
p(i, 1), qij(y)
)
≤ γ |x| max
i=1,...,s
S(fi ◦ θ(x), fi ◦ θ(z)) + (|y| − |z|) max
i=1,...,s
max { d(p(i, 1), p) : p ∈ spt(fi ◦ θ(y))}
≤ γ |x− z| max
i=1,...,s
Lip(fi) +D(4Q− 3)|x− y|.
≤ (γ + 8Q− 6)Lip(f)|x− y|.
On the other hand, we ompute
S(F (x), F (0)) = S

 s∑
i=1
Qi∑
j=1
r
cp(i,1),qi
j
(x)(|x| d(p(i, 1), q
i
j(x))
z
,
s∑
i=1
Qi Jp(i, 1))K


≤ |x| max
i=1,...,s
max{ d(p(i, 1), p) : p ∈ spt(fi ◦ θ(x))}
≤ (8Q− 6)Lip(f)|x|.

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3. Nagata dimension of QQ(Y )
We begin by giving the preise denition of the Nagata dimension. Suppose that (Y, d) is a
metri spae and B = (Bi)i∈I is a family of subsets of Y . The family is alled D-bounded, for
some onstant D ≥ 0, if diam(Bi) = sup { d(x, x
′) : x, x′ ∈ Bi} ≤ D for all i ∈ I. For s > 0, the
s-multipliity of B is the inmum of all n ≥ 0 suh that every subsets of Y with diameter ≤ s
meets at most n members of the family.
Denition 3.1. Let Y be a metri spae. The Nagata dimension dimN (Y ) of Y is the inmum
of all integers n with the following property: there exists a onstant c > 0 suh that for all s > 0,
Y has a cs-bounded overing with s-multipliity at most n+ 1.
The Setion 2 in [8℄ gathers a number of basi properties of the Nagata dimension. We an quote
for instane the following. The topologial dimension of a metri spae Y never exeeds dimN (Y ).
The Nagata dimension is a bilipshitz invariant and, as it turns out, even a quasisymmetry invari-
ant. The lass of metri spaes with nite Nagata dimension inludes all doubling spaes, metri
(R−)trees, Eulidean buildings, and homogeneous Hadamard manifolds, among others. Let us
study the Nagata dimension of QQ(Y ) in aordane with the Nagata dimension of Y .
Lemma 3.2. If Y is a metri spae with dimN (Y ) = n <∞, then dimN (QQ(Y )) ≤ (n+ 1)
Q − 1.
Proof. Fix s > 0. Sine dimN (Y ) = n, there exists c > 0 suh that Y admits a cs-bounded
overing family B = (Bi)i∈I with s-multipliity at most n + 1. For all
∑Q
j=1JijK ∈ QQ(I), we x
B∑Q
j=1
JijK
:= QQ(Y ) ∩
{∑Q
j=1JxjK : xj ∈ Bij for j = 1, . . . , Q} and we dene the olletion
B∗ =
(
B∑Q
j=1
JijK
)
∑Q
j=1
JijK∈QQ(I)
.
One readily heks that B∗ is a cs-bounded overing of QQ(Y ). It remains to study the s-
multipliity of B∗. Let A be a subset of QQ(Y ) with diam(A) ≤ s. It is lear that there exist
A1, A2, . . . , AQ ⊂ Y suh that A =
{∑Q
i=1JxiK : xi ∈ Ai for i = 1, . . . , Q} with diam(Ai) ≤ s for
i = 1, . . . , Q. We know that A1, . . . , AQ meet respetively at most n + 1 members of B. Conse-
quently, A meets at most (n+ 1)Q members of B∗. 
Corollary 3.3. If Y is a Banah spae with a nite algebrai dimension, then the Nagata dimension
of QQ(Y ) is nite.
Proof. If Y has a nite algebrai dimension, the unit ball of Y is preompat. Consequently, Y is
doubling and has a nite Nagata dimension hene dimN (QQ(Y )) <∞ by Lemma 3.2. 
We are now able to prove the results mentioned in the introdution. On the one hand, Theorem
1.1 immediately ensues from Lemma 2.1, Proposition 2.3 and Theorem 1.5 in [8℄. On the other
hand, Theorem 1.2 is an immediate onsequene of Lemma 2.1, Proposition 2.3, Lemma 3.2,
Corollary 3.3 and Corollary 1.8 in [8℄.
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